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Abst rac t - -Th is  work deals with the stabilization and collision avoidance control of a riderless 
bicycle (see Figure 1). It is assumed here that the bicycle is controlled by a pedalling torque, a 
directional torque, and by a rotor mounted on the crossbar that generates a tilting torque. 
Given two points rA, rB, and a circular obstacle in the horizontal plane. Also, given a time interval 
[0, t/], where 0 < tf < co. It is shown here that by applying a kind of inverse dynamics control, the 
motion of the bicycle is stabilized while simultaneously controlling its speed and direction in such a 
manner that the point of contact between the bicycle's rear wheel and the horizontal plane will be 
able, during [0, tf], to move from rA to rB without hitting the obstacle. @ 2005 Elsevier Ltd. All 
rights reserved. 
Keywords - -B icyc le ,  Circular rotor plate, Collision avoidance, Nonholonomic constraints, Inverse 
dynamics control, Stabilization, Point-to-point control. 
1. INTRODUCTION 
This work deals with the stabilization and collision avoidance control of a riderless bicycle (see 
Figure 1). It is assumed here that the bicycle is controlled by a pedalling torque, a directional 
torque, and by a rotor mounted on the crossbar that generates a tilting torque. 
Given two points ra  - (Za,Ya) and rB -- (ZB,yB) and a circular obstacle, such that ra  and 
rB are not in the closure of the obstacle. Also, given a tinle interval [0, t/I, where 0 < t/ < ec 
is given. It is shown here that by applying a kind of inverse dynamics control, the motion of 
the bicycle is stabilized (that is, the plane of the bicycle's rear wheel is vertical to the horizontal 
plane) while simultaneously controlling its speed and direction in such a manner that the point 
of contact between the bicycle's rear wheel and the horizontal plane will be able, during [0, t/I, 
to move from rA to an c-neighbourhood of rB without hitting the obstacle. The control of the 
motion of a riderless bicycle is dealt with in [1,2]. In [1], the bicycle's motion is controlled by 
a pedalling torque and a directional torque, and a point-to-point control law, which does not 
address the stabilization problem, is proposed. In [2], the bicycle's motion is controlled by a 
pedalling torque, a directional torque and by a blade rotor which is mounted on the crossbar. 
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Figure 1. The bicycle. 
There, by using successively two inverse dynamics transformations a control law is proposed by 
which the bicycle's motion is stabilized and a point-to-point maneuver is performed. However, 
this control law is not valid if there are constraints on the bicycle's motion, and furthermore, the 
application of a blade rotor induces oscillations on the bicycle's motion. 
In this work the generation of the "tilting moment" for the bicycle's motion is done by mount- 
ing a circular plate rotor on the crossbar. By doing so tile oscillations mentioned above disappear. 
Also, by using a single inverse dynamic transformation, and the method of feasible commands, [3], 
a control law is proposed by which the bicycle's motion is stabilized while simultaneously con- 
trolling its speed and direction in such a manner that the point of contact between the rear wheel 
and the horizontal plane will be able to move, during a given time interval [0, t f], from a given 
point rA to another given point rB, without hitting the obstacle. 
2. DYNAMICAL  MODEL 
This work deals with the stabilization and control of tile motion of an autonomous bicycle as 
described above. The bicycle's wheels are roiling without slipping on the horizontal (X, Y)-plane. 
Let I, J, and K be unit vectors along an inertial (X, Y, Z)-eoordinate system. Denote by kl, 
kl - sin 0 cos ¢ I + sin 0 sin ¢ J + cos 0 K, (1) 
a unit vector along the axis of the bicycle's rear wheel. Then, the vectors i0 and il, given by 
i0 = ~0 and il = (1 /s in0)~¢ 1 are at all times in the plane of the rear wheel. Denote by aR the 
radius of the rear wheel and by aF the radius of the front wheel. It is assumed here that 
(i) ar~ > aF; 
(ii) the crossbar (connecting points 1 and 2, see Figure 1) is always aligned along the vector il. 
This work is looking at a class of motions in which the leaning angle (that is, the deviation from 
the vertical position of the bicycle) and the steering angle of the bicycle are small to moderate, 
as happens, in general, in the motion of a bicycle on a horizontal plane. Thus, the vector k3, 
k3 = sin 0 cos(¢ + 6) I + sin 0 sin(¢ + 6) J + cos 0 K, (2) 
describes a unit vector along the axis of the front wheel. Note  that k~ and k3 determine the 
geometr ic orientations of the rear and  front wheel, respectively. Furthermore,  define 10a = ~0 
and i3 = (1/sin 0) ~ .  Then, (il, i 3}  = cos 5. That is, 6 is the steering angle of the bicycle. Here, 
(a, b} denotes the inner product between vectors a and b. 
2.1. The  Angu lar  Ve loc i ty  Vectors  
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2.1.1. The angular velocity vectors of the wheels 
Define the following vectors, iDR, jDR, iDp, and JDF, 
iDR=COS¢l iO+s in~l i l ,  jDR =-s in~l iO+cos~bl i l ,  
which are always in the plane of the rear wheel, and 
iDF = cos'Ca i03 q- sinC3 i3, JDF = - sinC3 i03 + cos¢3 ia, 
(3) 
(4) 
which are always in the plane of the front wheel. Hence, the set ( iDR,jDR,kl) is the body axes 
of the rear wheel, and (iDF,jDF, k3) is the body axes of the front wheeh Here ~1 denotes the 
angle of rotation of the rear wheel about its axis ks, and ~b3 denotes the angle of rotation of the 
front wheel about its axis k3. 
Hence, it can be shown (see, for example, [4,5]), that ~ODR, the vector angular velocity of the 
rear wheel is given by 
where 
and 
CODR = CODRI iDR q- WDR2JDR -4- WDR a kl  = CODRa: I + WDRy J + cODRz K, (5) 
dO dO 
CODIR1 -~- sin I/2 s -- ~-  sin 0 cos gq, 
dO dO 
CdDR 2 = --~ COS '@1 q- -~  sin 0 sin ~bl, 
dO 
s ing  
g¢1 de 
¢dDR3 ~- T -]- -'~ COS 0, 
d!bl 
WDRx =dT-  sin 0 cos ¢ - 
(6) 
d¢1 dO 
~dDRy = T sin 0 sin ¢ + -~ cos ¢, 
d(b des 
CODRz = ~-  -[- d r -  cos 0. 
In the same manner, ¢ODF, the vector angular velocity of the fi'ont wheel is given by 
(7) 
¢ODF = OODF1 iDF 4- CODF2jDF -1- WDFa k3 = CODFa: I + CODFy J q- CODF z K, (8) 
where 
dO d¢3 
CJDF 1 = ~ sin ~b3 - ~-  sin 0 cos Ca, 
dO dS3 
CODF2 =dt  cos "(ha + dr -  sin O sin ~ba, (9) 
d¢3 d¢3 
WDFa = ~ + ~-  cos0, Ca = ¢-+- 6, 
and the expressions for CODfx, CODFy, and WDgz are similar to the corresponding expressions given 
by (7), but with ¢3 replacing ~bl and &3 replacing 4;. 
2.1.2. The angular velocity vector of the crossbar  
In this work the crossbar is treated, by approximation, as a simple bar. The body axes for the 
crossbar is (ks, ie, iz). Denote by 
¢OCB = COCB1 kl + WCB2 i0 + COCB3 il. (10) 
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Then, by applying relations like 
dia 
w x ia, 
dt 
where 
dib di~ 
dt - co x ib, dt - co x L., (11) 
w = Wa ia q- CVb ib q- arc L, (12) 
d+. 
vo  = v l  - Lo  ~J1 ,  
where 
V 2 =V 1 - L  j l ,  va =v2 - [ -D - -~k3  @ - -~-  cos0 i3  , (18) 
dri 
v i - -  dt ' i=O,1 ,2 ,3 ,  
j~ = cos4)~ I + sinS~ J, u = 1,3, 
~1 =+,  ~3 = ~+6.  
(19) 
and (ia, ib, ic) is an orthonormal system, the following equations are obtained 
dO d¢ dO (13) 
~CB1 = ~-  COS0, COCB 2 = - -~-  siI10, adCB 3 = ~.  
2.1.3. The  angu lar  ve loc i ty  vector  of  the  ro tor  
The rotor is mounted on the crossbar with its axis along il. Denote by a the angle of rotation 
of the rotor about its axis, and define the following vectors, 
i a  - -  cosak l  + sin a i0, ja = - s inak l  + cosa i0. (14) 
Thus, it follows that the body axes for the rotor is (ia,ja, il). Denote by 
CORO = adRO1 ia -[-tYRo2 j~ + wRO3 il, (15) 
the angular velocity vector of the rotor. Then, by applying relations like (11), the following 
equations are obtained, 
dq% d~ sin(a + 0), da dO ~aOl = ~ cos(~ + 0), ~ao2 = ~/ ~ao3 = ~ + ~/ .  (16) 
Thus, 0, ~, ~bl, 6, ~a, and a are playing here the following roles: 0 is the leaning angle of the 
rear wheel, that is, the angle between the rear wheel axis and tile Z-axis where for 0 = 7r/2 
the plane of the rear wheel is vertical to the (X, Y)-plane; il represents the direction of the rear 
wheel, ia represents the direction of the front wheel, ~)1 represents the angle of rotation of the 
rear wheel about its axis, ~b3 represents the angle of rotation of the front wheel about its axis, 6 
is the steering angle, and a is the angle of rotation of the rotor about its axis il. 
2.2. The  Trans la t iona l  Ve loc i ty  Vectors  
Denote by rl,  the center of the rear wheel, by to ,  the center of mass of the crossbar, by r2, the 
location of the directional control mechanism, and by r3, the center of the front wheel. Then, 
r l=ml I+y l J+aRs inOK,  ro=r l+Lo i l ,  r2 = rl +L i l ,  ra = r2 +Di0a ,  (17) 
where Lo  - I I ro  - r i l l ,  L = I[r2 - r i l l ,  and D - l i ra  - r2 l l ,  0 < Lo  < L. Hence, 
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2.a. The Lagrangian Function 
The Lagrangian function [6,7], for the motion of the bicycle is given by 
£ = ](~R~V 4" K~CB 4" K~RO 4" ~ST 4" ](~FW -- ~), 
where 
1529 
(20) 
I~Rw----2 [Dll [ \dt]  + 7[  sin20 +g/D31 \~-4. -~-~-cos0 
(21) 
1 [¢dxl"~ 2 ¢dyl'~ 2 (dO'~ 2 ] 
+~ ml? \ dt ] + \ -~  ] + a~ \ dt j cos:O , 
which is the kinetic energy of the rear wheel, 
1[ (.M 2 (d0h2 ]
K:CB=~ ICB1 \d t ]  +/cs3 \d t ]  ] 
(22) 
+i "~c= [ \  dt ) + \ ~7-) ~7 c°s2° ' 
which is the kinetic energy of the crossbar, 
VRO=7 Iao1 \d t j  + Ia°a dt +dt ] J 
(23) 
1 [(dxo~ 2 ¢d~o~ 2 (d0~ 2 ] 
4"T mR° k k dt / 4. iT /  4 .4  \ dt ) c°s20 '
which is the kinetic energy of the rotor, 
1 (d, d~ 2 
]~oST = ~ Is 7[ + dt J 
1 [(dzl~ 2 (dyl"~ 2 (dO'~ 2 d+ (dZl @1 sin+)] (24) 
4"7~'~s L\ dt ) 4"\t i t)  +~ \dt) c°s~° 2c77 \dr c°s¢4"~7- 
+2 ms \ dt J ' 
which is the kinetic energy of the steering mechanism, 
1 [(d0"~2 (de d5) 2 ]1  [&b3 (dq~ d5) ]2 
ICFW=~IDla L\dtJ 4- ~+~ sin 20 +~IDaa L---~--+ 7( +-~ cos0 
(25) 
q- 7mF L\ dt J 4" - -  4-a2F -d7 cos 20 , 
which is the kinetic energy of the front wheel, and 
]2 = (mR an + mOB an + rnao aR + raS aR + mF aF) g sin 0, (26) 
which is the potential energy of the bicycle. 
1530 Y. YAVIN 
In equations 
rnR denotes the mass of the 
rnF denotes the mass of the 
mCB denotes the mass of the 
mao denotes the mass of the 
ms denotes the mass of the 
Ion denotes the moment of 
ID2i denotes the moment of inertia 
IDui denotes the moment of inertia 
I cm denotes the moment of inertia 
ICB2 denotes the moment of inertia 
IcB3 denotes the moment of inertia 
IRO1 denotes the moment of inertia 
IR02 denotes the moment of inertia 
IRO3 denotes the moment of inertia 
I s  denotes the moment of inertia 
IDI3 denotes the moment of inertia 
ID23 denotes the moment of inertia 
ID33 denotes the moment of inertia 
Also, g denotes the 
(21) (26), the following notation is used, 
rear wheel, 
front wheel, 
crossbar, 
rotor, 
steering mechanism, 
inertia of the rear wheel about iDR, 
of the rear wheel about JDR, and 
of the rear wheel about k l ,  IDll -- ID21, 
of the crossbar about k l ,  
of the crossbar about i0, /CB1 = ICB2, and 
of the crossbar about i l ,  
of the rotor about is, 
of the rotor about j~, Iao l  = Iao2, and 
of the rotor about i l , 
of the steering mechanism about i03, 
of the front wheel about iDr,  
of the front wheel about jDF,  IDI3 -- ID23, and 
of the front wheel about k3. 
gravitation acceleration constant. 
2.4. Nonho lonomic  Const ra in ts  
The motion of the bicycle is subjected to the following nonholonomic and kinematical con- 
straints, 
dO de d~i ] dxi 
aR 7 /  sin 0 cos ¢ + 7[  cos 0 sin 05 + T sin 05 dt O, 
[ I dO d 0 d~l cos0 -- 0, aR -~ sin 0 sin 05 7[  cos 0 cos 05 - ~-  dt 
(27) 
(28) 
which are the nonholonomic onstraints acting on the rear wheel, 
] dx3 dO d43 dCa sin03 - -  - 0, aF 7/  sin 0 cos Ca + T cos 0 sin ¢3 + ~-  dt 
[dO d¢3 d@3 ] dy3 
aF 7[ sin 0 sin ¢3 y cos 0 cos ¢3 -- ~-  cos ¢3 dt - O, 
(29) 
(30) 
¢3 = ¢ + d, which are the nonholononfic onstraints acting on the front wheel, 
dxo dzl de dyo 
- d~ +~-L°7[  cos¢=0,  dt- + 
@1 de ~-  - Lo  7 [  sin ¢ = O, (31) 
which are kinematical (geometric) constraints that follow from equations (18). 
From equations (27),(28), it follows that 
[d x de ] dO dO 
Vl = -aR [ dt +7[  cos0 i l+aR-~ s in0 j i+aR~-~ cos0K (32) 
and from (29),(30), it follows 
d¢3 ] dO dO 
v3 =- -aF  L dt ÷- -~ cos0 i3 + aF-~ sinOj3÷aF--~ cos0K,  (33) 
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where 
i~, = - sin ¢,. I + cos ¢.  J, j .  = cos ¢,. I + sin ¢~. J, v - 1, 3, (34) 
where (~1 = ¢, and ¢3 = q5 + 5. 
In a similar manner, one has 
v2= aR [dr  +~cos0  i1+ aR~s inO-L  j l+aR~cosOK.  (35) 
By using the relation ra - ru + D i03, D = aR - aF, the following equation is obtained, 
va=v2+D -~ka+~-  eos0ia . (36) 
Hence, 
(v3, i3} {v2,i3}+D -~-(k3, i3}-1- ~ cos0{i3,i3} . (37) 
Or, in explicit form, 
--aF [ dt + ~ c°sO =-aR [ - -~-+-~-cos0  cos5 
(38) [dO dO] 
- aR~-s in0-L -d7  s ina+D-~ cos0. 
Equation (38) can be written in the following form, 
dO de d~l d5 &b3 
055 ~- + V56 ~-  + aR -~-  cos d q- A58 -~- -- aF -~  = 0, (39) 
where 
O5.5 -- an sin 0 sin ~, 
~56 = -aF  cos 0 + aR cos 0 cos 5 - L sin 5 - D cos 0, (40) 
A58 = - (a  F ÷ D) cos0. 
Equations (27)-(31) and (39) constitute the nonholonomic and kinematical constraints for the 
motion of the bicycle. Equation (37) states that the tangential velocity of the front wheel rim 
must be equal to the linear velocity of the front wheel rim with respect to the ground. See a 
more simple problem called the street vendor's cart, discussed by Hamel, [6]. Denote, by q, 
dq (41) q = (xl,Yl,Xo,Yo,O,¢,~;1,5,@a,xa,Y3,OO T, P = -~.  
the vector of generalized coordinates of the motion dealt with here. Define 
A = (A1, A2, A3), (42) 
where 
-1  0 0 0 \ 
/ 
0 -1  0 0 
1 0 -1  0 
0 1 0 -1  , 
0 0 0 0 
0 0 0 0 
0 0 0 0 
A I= 
A2 z 
aR sin 0 cos ¢ cos 0 sin ¢ sin 
aRs in0s in¢  - -aRcosOcos¢ - -aRcos¢ |  
0 -Lo  cos ¢ 
o / 0 -Lo  sin ¢ , 
055 ~56 aR iOS(~ ) 
aF sin 0 cos ¢3 a~, cos 0 sin ¢3 
aF sin 0 sin Ca --aF cos 0 COS ¢3 
(43) 
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n 3 
0 0 0 0 0~ 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
A58 - -a F 0 0 0 
aF cos0 sine3 aF sine3 --1 0 0 
--aF cos0 cost3 --aF cosOa 0 --1 0/  
Then, equations (27) (31) and (39) can be written as 
A p = 07, 
Consider the submatrix A4 generated 
n 4 
It is easy to see that det A 4 
independent. The constraints 
example, [81) 
F( ..... t) = A T A, 
0~ = (0,0,0,0,0,0,0) T 
from columns 1, 2, 3, 4, 9, 10, and 11, 
/ -1  0 0 0 0 0 0 
0 -1  0 0 0 0 0 
1 0 1 0 0 0 0 
0 1 0 -1  0 0 0 
0 0 0 0 --aN 0 0 
0 0 0 0 a F sin ¢3 --1 0 
0 0 0 0 --aF COS C3 0 --1 
(44) 
(45) 
(46) 
--a F. Hence, rank A = 7, that is, the seven constraints are 
forces F( . . . . .  t), induced by (27)-(31) and (39) are given by (see, for 
r (c°nst) E ~12, A = (A1, A2, A3, A4, A5, A6, ~7) T, (47) 
where Ai, i = 1, 2, 3, 4, 5, 6, 7, are Lagrange like multipliers. Hence, 
F~ . . . . .  t) : --/~1 q- A3' ~2F( ..... t) = A2 + A4, --at( . . . .  t) = --Xa, r(  . . . .  t) = -A4, (48) ~4 
F~ . . . .  t) = aR sin0(A1 cos t  ÷ A2 sine) + A5055 +aF sin0(A6 cost3 -}-AT sine3), (49) 
F(const) 6 =aa cosO(Al s ine- A2 cost) - Lo (Aa COSt --}- A4 sin¢)+ A5~s6 
(50) 
+aF cos 0 (Aa sin Ca -- A7 cos C3), 
F( ..... t) 7 =aR(A ,  s ine -  A2 cost)  +AsaR cosd, (51) 
F~ ..... t) = A5 Ass + aF cos 0 (A6 sin ¢3 -- A7 cos ¢3), (52) 
F( ..... t) r'( . . . .  t) F~lonst) 9 = -As  aF + aF (A6 sin ¢3 -- A7 cos ¢3), ~10 : - - /~6,  = -- /~7, (53)  
F(const) 
12 = 0. (54) 
2.5. The  Lagrange  Equat ions  
Thus, the Lagrange equations, for the case of nonholonomic and/or kinematical constraints, 
[6-8], turn out here to be 
d (0£)~ 0£  (const) 
0qi - F i+F i  , i 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, (55) 
where Fi, i - 1 , . . . ,  12 are the applied torques; Fi -- 0, i = 1, 2, 3, 4, 5, 6, 9, 10, 11; F7 = F¢1, the 
pedalling torque; F8 -- Fs, the directional torque; and F12 = F~, the torque applied to the rotor. 
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By applying a procedure similar to that applied in [2], the following equations are obtained, 
d2q '
M(0,5)  ~ + h(q ,p )  = r ' ,  (56) 
where 
where 
M = 
d2~ d20 
/ ~7~55 
7Tt56 
m57 
m58 
dt 2 dt 2 
7~56 77f57 ~Z58 
m66 m67 m68 
?Tt67 'm77 m78 
?rt68 ?Tt78 ~t88 
IRO3 
0 
0 ' 
0 
h = 
h5 
he 
h7 ' 
h8 
0 
0 
F¢1 
F~ 
(58) 
?7/55 = /51 -~- [52 cO82 0 z[_ (TrtO1 a~ -~- I7, F a~ zr- a~ aF 2 I ° sin 2 d) sin 2 0, (59) 
m56 = -aR  Iron +aF2I ° s inS(D cos0-  aR cos0 cosd+L sin6)] sin0, (60) 
mat = a~ aF 2 I ° sin 0 sin d cos ~, m58 = --aR D aF 2 1 ° sin 0 sin 5 cos 0, (61) 
roB6 = I66 + I641 sin 2 0 + I642((~) cos 2 0 - [303 aF 1 L cos0 sin5 
+ (I)56 a~ 2 I ° ((I)56 + 2aF cos 0), (62) 
mat = (ID31 + 'too1 a~) cos 0 + ~56 aR a?  2 I3°3 cos 5 + aR a?  1 I ° cos 0 cos (~, (63) 
m68 = Is  + ID13 sin 2 0 +/3°3 D a~ 2 cos 2 0 (D - aR cos 5) + L D aF 2 I ° cos 0 sin 5, (64) 
m~7 = ID31 + too l  a~ + I ° a~ aF 2 cos 2 5, rots = --aR D aF 2 I ° cos 0 cos 5, (65) 
ms8 = IS + ID13 sin 2 0 + D 2 a~ 2 1 ° cos 2 0, (66) 
151 /D l l  ~- ICB3 ~- fRO3 -}- ID13, I52 = (mR +mcB + taro  + ms)  a2n + mF a2F, (67) 
I 0 -- ID33 -r my a~, ?D~O1 = mR + ms + mCB + taRO, (68) 
1/~11 -- T~S L -~- (mCB A- taRO) Lo ,  
(69) 
[66 ~ [CB1 -1- IRO1 -4- IS -[- ms  L 2 -[- (~CB -[- ?TtRO) L2o, 
/641 = IDl l  + IDI3, (70) 
/642 (5) = ID31 -- ID33 aF 1 D - mF D aF + ID33 aR aF 1 COS 5 + too1 aeR + mF aR a[: cos 5. (71) 
By inserting 5, fi'om the fourth raw of (56), and &, from (57) into the first three raws of (56), the 
following equation is obtained 
D12 D22 D231 + 82 = o -m~sm~ | ro 
D13 D2a D33 ] ~)1 f3 0 -roTS ms-s 1] F6 
(72) 
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or, in matrix notation, 
D(0, 5) d2Q ' ~ ~5-  +t  = EF ,  q : (0, ¢, ~1) n-, f = (A ,A ,  f3) r, r : (r¢1, r~, ra )  r ,  (73) 
where  
Dll  = m55 - m~8 ms-81 - IRoa, 
--1 O12 'm56 -- m58 m68 ross, 
-1 
913 : m57 m58 rrt78 ross  , 
(74) 
D22 : m66 - mB2s ms-s 1, 
--1 
D23 = rFL67 -- m68 m78 m88 , 
D33 = m77 -- m~8 m82, 
(7s) 
f l  = h5 ross m8-81 hs, 
A = h6 rags m~ hs, 
f3 = hr - mrs m8--81 hs, 
(76) 
and detE  = m68 m881. The functions hi, i = 5, 6, 7, 8, are given in the Appendix. 
3. THE CONTROL PROBLEM 
Denote by rc ,  the point of contact between the rear wheel and the plane, then 
rc  = ri +an i0 ,  (77) 
where rl  denotes the center of the rear wheel, and rc  xc  I + Yc J- Hence, as follows fi'om 
equations (27),(28) and the definition of i0, the following equations are obtained, 
dxc  d~l dyc d~l cos ¢. (78) 
dt - an T sin ¢, d~- a~ 
Given two points in the plane rA = (XA, YA) and rB = (XB, YB), rA 7 £ rB, and a time interval 
[0, tf] ,  o < t f  < oc. 
The control problem is to find a control vector r(t), such that 
1. 
if (me(0), pc(0))  = ra, then (xc(ty), yc(t f ) )  will satisfy Izs - xc( t , )  I < e, 
and lyB - yc(tf)[ << e, 
(79) 
2. during the motion, 
sin0(t) _> DI, I~l(t)l -< uo, Vt E [0, ti], (so) 
and 
(xo(t) - xcA) ~ + (yc(t) -ycA)  2 > Rg~, Vt E [0, Q], (81) 
where 0 < c << 1, D1 > 0, uo > 0, XcA, YCA, and RCA are given numbers. It is assumed here 
that rA and rB are not in the closure of the circle defined by (81). 
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3.1. Inverse Dynamics Cont ro l  
It is assumed here that for a proper set of parameters, there exists a number Dminl > 0 
such that detD(0, 5) > Dm~n 1 for all relevant values of (0, 5), see the Appendix for more details. 
Henceforward, the discussion here is confined to such a set of parameters. 
In this section, a procedure is described for the derivation of control laws for F. 
First, by introducing the following control law, 
Er  - D(0,5) u + f(q,p), (82) 
where u= (Ul,U2, u3) T, then, for the domain determined by detE  > 0, equations (73) and (82) 
imply 
d20 d20 d2g)l 
dt  2 -u l ,  dt  2 -u2 ,  dt  2 -u3 .  (83) 
Second, choose the following law for ul, 
dO ( ~) 
~o=- /qhT-k2  0 -~ , (84) 
where ki > 0 , i = 1, 2 are chosen such that the polynomial, 
f2(s) =s2+klS+k2,  (85) 
has its roots in the left-hand side of the s-plane. Thus, 
7c dkO(t) 
O(t) --* -- and --*0, as t  -~oo,  k=l ,2 .  (86) 
2 dt k 
Third, the functions u2 and u3 are determined by using the method of  feas ib le  commands ,  see [4] 
for example. 
Let ro  < r l  < r2 < . . .  < rN- ,  --  t f  be a partition of [0, tf] such that r~+l - r~ = Ac,  
i = 0 , . . . ,  N - 2. The functions u2 and ua arc chosen here to be of the following form, 
u2(t )  - A~(t)  c~ + Bdt)  c~+1, tc  [¢,,¢,+,], i=o  . . . .  ,N -2 ,  (87) 
ua(t) =Ai ( t )  cN+i+Bi ( t )eN+i+l ,  t E ['Ei,Ti+I] , i=0 , . . . ,N -2 ,  (88) 
where 
A~(t)- r i+z - t  B,(t)- t ri i=0 , . . . ,N -2 .  (89) 
A C ' A C ' 
Define the following functions, 
Go(G e) = [max(~ e, 0) + min(¢ + e, 0)]2, 
[ I t r -  rcAll 2 -  RbA] 2, 
GcA(z,y) = 0, 
GI ( ( ,D)  = { (~ - D)2' i f (>  D, 
0, otherwise, 
f (¢ - D) 2, if ¢ < D, 
G2(~, D) 
l 0, otherwise, 
e>0,  
if l l r -  rcAl[ 2 < 172 
- -  CA, 
otherwise, 
(90) 
(91) 
(92) 
(93) 
where 
rcm = (XCA, YEA), and /If - rCAII 2 = (~ -- ~cm) 2 + (Y -- YeA) 2 (94) 
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Figure 2. YC as function of xc and the obstacle for Case 1. 
Also, define the following cost function, 
J (c)  = Go(xs  - xc( t f  ),e) + GO(YB - yc( t f  ),e) 
(95) 
/0" + [G l ( l~ l ( t ) l ,  uo) + a2(s in  0(t), D1) + aca(xc(t),yc(t))] dt. 
The function J (c)  is a sum of penalty functions, incorporating the state constraints and the 
required goals. An element c ° = (cOo,...,cON 1) E N 2N, for which J ( c  ° )  = 0 will here be 
called a feasible command vector, and the control vector lu ° u °~ induced by e ° via (87),(88) \ 2 ,  3 ]  
will here be called a feasible command strategy. Thus, once u °,  (84), and tu°  u °~ 2, 3 J are applied 
on equations (83), then the conditions given by equations (79)-(81) will be satisfied. 
The computat ion of c ° was conducted by solving an unconstrained minimization problem 
on ~9 eN. This was done by using a gradient method described in [3]. 
4. EXAMPLE 
The following example has been solved here: aR = 0.4m; (xc(O), yc(O)) = (0, 0); e = 0.04m; 
D1 = sin(Tr/4.); ~o = 5./aR rad/sec.  Three cases were dealt  with here, 
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Figure 3. yc as  function of xc  and the obstacle for Case 2. 
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Case 1: (XB,YB) = (5 , - -6 ) ,  (XCA,YCA) = (3, - -3 ) ,  RCA = 1 .4m,  
Case  2: (XB, YB) = (2 , - -6 ) ,  (XCA, YCA) = (3 , - -3 ) ,  I~CA -- 1.4 rn, 
Case 3: (xm,ym) --  (0 , - -S ) ,  (XCA,YCA) --  (0 , - -3 ) ,  RCA = 1 .5rn .  
Some of the results are shown in Figures 2 7. 
5. CONCLUSIONS AND REMARKS 
This work deals with a stabilization, a point-to-point and a collision avoidance control, for the 
motion of a riderless bicycle. The bicycle is controlled by a pedalling torque, a directional torque, 
and by a rotor mounted on the crossbar that generates a tilting torque. An inverse dynamics 
control procedure is proposed in which the method of feasible commands is applied in such a 
manner that 
(i) the bicycle's motion is stabilized, 
(ii) the point of contact between the bicycle's rear wheel and the plane performs a point-to- 
point maneuver while avoiding hitting a given obstacle. 
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Figure 4. Yc as function of xc and tile obstacle for Case 3. 
6. APPENDIX  
6.1. The  Funct ions  hi, i = 5,6,7,8 
In this section, the mathematical expressions for hi, i = 5, 6, 7, 8, are given. 
0£ 
h5 =-215202 s in0cos0-~÷mola~s in0  [(02 + q~2)cos0÷¢~1]  
+a~1055 [I°q233-(I3°3÷mFa~) 8¢~sinO] 
+-. . , . ,n,  [(o' + 
h6 z 2~ si,l~ cos(~ [(/TD, , -~ ID13- - ID3  ' - -  /D33) (~÷ (ID13-- [D33) (~] 
+6sin0 (-, 3,÷,-I 33 3)- sLaR 2cosO 
÷ XD33ff~/33 COS0 -- O16 , 
(96) 
(97) 
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1 I I I I I I 
0 1 2 3 4 5 
t [sec] 
Figure 5. O(t) as function of t for Case 1. 
hT= ID310Cs inO÷aR (m11,~ 2-2'rnOlaROCsinO) 
q-aRaF  1 cos5 [G  ~Id33 -- (G  q-mFa~) ~)¢3 sin0], 
h8 = 2053 sinO cosO (ID13 -- lD33) -- ID33 0¢3 sinO 
q-aFIA58 [ . [303~33--( IOff -mFa2F)/ )¢3 sin0] 
+ ZD33~33 cos 0, 
l  osO 
[I ° ~I/33- ( I  ° q -mF a2) {)(~3 sin0]--mFa2F cos0 (*33--2~)~3 sin0) ~ 
(98) 
(99) 
(lOO) 
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Figure 6. d¢( t ) /d t  as function of t for Case 1. 
~33= ( l+a~ 1D) ~30s in0-aRa~ 1 (~)¢s in0cos6+¢6cos0s inS+~16s in6)  
q_aRa~l (02 cos0 s inS+ ~)6 sin0 cos5) LaFI¢6 cos& 
(101) 
6.2. The  Values of  Drain 1 and Drain 2 as Funct ions  of  the  B icyc le 's  Parameters  
Define 
I [ , , ,102, 
Dmi. 2 mix, detE(0,5): 0~ ~, ,5~-~,~ 
The values of Dmi,, 1 and Dmhl 2 were computed for the following values of the bicycle's parameters, 
L -- l .m,  L 0 = 0.4m, mcB -- 2. Kg, aRo ---- 0.15111, a S = 0.1m, and for the vaLues of the 
parameters given in Table 1. Here, aRo demotes the radius of the rotor, and as is a parameter 
used in the computation of Is, that is, Is = 0.5ms a~. 
Note that 
71" 
det E (0, 6) ~ 1, as 0 > ~. (104) 
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Table 1. The values of Dmi n I and Dmi n 2 as functions of the bicycle's parameters. 
aR aF  r~R mF taRO ms 
0.4 0.25 12. 6, 3. 3. 
0.4 0.25 12. 6. 2. 3. 
0.4 0.25 12. 6. 3. 2. 
0.4 0.25 12. 6. 3. 1.5 
0.4 0.25 12. 6. 3. 2.5 
0.4 0.20 12. 6. 3. 2.5 
0.4 0.15 12. 6. 3. 2.5 
0.4 0.30 12. 6. 3. 2.5 
0.4 0.15 12. 6. 3. 1. 
0.4 0.15 6. 3. 3. 1. 
Dra in  1 Dra in  2 
47 .3060293 6 .55603466E - 06 
41 .0696456 6 .55603466E - 06 
26 .3024084 0 .000419051779 
16.9191307 0 .000186221845 
36 .424572 3 .18096278E -- 05 
38 .3210537 3 .80534734E - 05 
41 .0004523 9 .19016228E -- 05 
36 .8753345 2 .17153016E -- 05 
15.0745805 1 .6843072E - 05 
8 .43465752 3 .90553972E - 05 
1542 Y. YAVIN 
REFERENCES 
1. Y. Yavin, Navigation and control of the motion of a riderless bicycle, Computer Methods in Applied Mechanics 
and Engineering 160, 193-202, (1998). 
2. Y. Yavin, Stabilization and path controllability of the motion of an autonomous bicycle, Dynamics of Con- 
tinuous, Discrete and Impulsive Systems 7, 107-122, (2000). 
3. Y. Yavin, C. Frangos and T. Miloh, Computat ion of feasible control trajectories for the navigation of a ship 
around an obstacle in the presence of a sea current, Mathl. Comput. Modelling 21 (3), 99-117, (1995). 
4. Y. Yavin and C. Frangos, Open loop strategies for the control of a disk rolling on a horizontal plane, Comput. 
Methods AppI. Mech. Engrg. 127, 227-240, (1995). 
5. Y. Yavin and C. Frangos, Tile motion of a disk rolling on a vibrating horizontal plane: Feasible control and 
path controllability, Mathl. Comput. Modelling 23 (4), 1-16, (1996). 
6. R.M. Rosenberg, Analytical Dynamics of Discrete Systems, Plenum Press, New York, (1980). 
7. E.T. Whittaker, A Treatise on the Analytical Dynamics of Particles and Rigid Bodies, Cambridge University 
Press, Cambridge, U.K., (1917). 
8. J. Wittenburg, Dynamics of Systems of Rigid Bodies, B.G. Teubner, Stuttgart,  (1977). 
